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Momentum Transfer  Theorem f o r  I n e l a s t i c  Processes 
E. Gerjuoy 
Universi ty  of P i t t sburgh ,  P i t t sbu rgh ,  Pennsylvania 
ABSTRACT 
Recently it has been shown t h a t  f o r  p o t e n t i a l  s c a t t e r i n g ,  t h e  
w e l l  known o p t i c a l  theorem--relating t h e  t o t a l  c ros s  sec t ion  t o  t h e  
imaginary p a r t  of t h e  forward sca t t e r ing  amplitude--can be genera l ized  
t o  y i e l d  a "momentum t r a n s f e r  cross  s e c t i o n  theorem." The present  paper 
f u r t h e r  genera l izes  t h e  previous p o t e n t i a l  s c a t t e r i n g  r e s u l t .  Spec i f ic -  - 
a l l y ,  it appears t h a t t h e  momentum t r a n s f e r  c ros s  s e c t i o n  theorem i s  v a l i d  
also f o r  many-particle systems, wherein i n e l a s t i c  processes  occur. A l -  
though t h i s  las t  a s s e r t i o n  probably holds q u i t e  gene ra l ly ,  a proof i s  
given only f o r  t h e  c o l l i s i o n s  of e l ec t rons  wi th  atomic hydrogen. The 
proof t akes  i n t o  account e l ec t ron  i n d i s t i n g u i s h a b i l i t y ,  as w e l l  as t h e  
p o s s i b i l i t y  t h a t  t h e  inc ident  e l ec t ron  ion izes  t h e  atom, but assumes t h e  
fo rces  are not spin-dependent. 
, 
i .  2 
I. Introduct ion and Summary 
1 Recently I have shown t h a t  f o r  p o t e n t i a l  s c a t t e r i n g ,  t h e  
momentum t r a n s f e r  c ros s  sec t ion  
can be expressed i n  t h e  form 
I n  t h e  above equations: A(XJ + e ' )  is  t h e  amplitude f o r  e l a s t i c  s c a t t e r i n g  
from i n i t i a l  d i r ec t ion  f3 t o  f i n a l  d i r ec t ion  g'; E = h2k2/2m i s  t h e  k i n e t i c  
energy; t h e  Hamiltonian i s  
(3) -ti2 H = T + V =  V 2  + V(;); 2m 
t h e  p o t e n t i a l  V ( 2 )  is  not necessar i ly  sphe r i ca l ly  symmetric, i . e . ,  V ( r )  
need not equal V ( r ) ;  t he  wave function Y satisfies 
Y 
(H-E)Y = o (4) 
subjec t  t o  t he  boundary condi t ion (when 2 is  along t h e  z-direct ion)  
where 
when 2 i s  not p a r a l l e l  t o  z, aV/az i n  Eq. ( 2 )  i s  replaced by z*grad  V. 
For p o t e n t i a l  s c a t t e r i n g  t h e  r e s u l t  ( 2 )  i s  a genera l iza t ion  of t h e  
o p t i c a l  theorem 
3 
It i s  known, however, t h a t  t h e  o p t i c a l  theorem remains v a l i d  i n  many- 
p a r t i c l e  c o l l i s i o n s  involving i n e l a s t i c  processes.  S imi l a r ly ,  it appears 
t h a t  t h e  momentum t r a n s f e r  c ros s  sec t ion  theorem ( 2 )  remains v a l i d  even 
when i n e l a s t i c  processes can occur. O f  course,  some modif icat ion of t h e  
r i g h t  side of ( 2 )  is  necessary i n  a many-particle c o l l i s i o n .  
must gene ra l i ze  t h e  d e f i n i t i o n  (1) of  t h e  momentum t r a n s f e r  c ros s  sec t ion  
Also, one 
ad - 
Because a proof of  t h e  momentum t r a n s f e r  c ros s  sec t ion  theorem f o r  
a r b i t r a r i l y  complicated c o l l i d i n g  systems would be awkward and hard t o  
fo l low (mainly because t h e  nota t ion  g e t s  correspondingly complicated) , I 
s h a l l  content  myself here  with carrying out  t h e  proof f o r  t h e  simple case 
of  e-H s c a t t e r i n g .  I n  t h i s  case the  momentum t r a n s f e r  theorem has t h e  form 
ad = - '?* '? 
2~, - az, 
where Eo = !i2k02/2m i s  t h e  incident  k i n e t i c  energy; z1 i s  t h e  z-coordinate 
of  t h e  t w o  e l ec t rons  i n  t h e  system; and t h e  q u a n t i t i e s  V, 8 ,  ad a r e  defined 
r e spec t ive ly  by Eqs. (12), (14) and (56) below. This proof f o r  e-H 
s c a t t e r i n g  makes it f a i r l y  obvious t h a t  a similar momentum t r a n s f e r  theorem 
holds  f o r  e l ec t ron  s c a t t e r i n g  by more complicated atoms, and makes it plaus i -  
b l e  t h a t  a corresponding momentum t r a n s f e r  theorem cont inues t o  hold f o r  
c o l l i s i o n s  between more complex aggregates of fundamental p a r t i c l e s ,  e.g. ,  
f o r  molecule-molecule s c a t t e r i n g .  I 
I 
I n  connection with t h e  above paragraph, t h e  following remarks, 
concerning assumptions made i n  t h e  proof ,  s h a l l  be noted. 
c ludes  t h e  e f f e c t s  of p a r t i c l e  i n d i s t i n g u i s h a b i l i t y  and e l ec t ron  exchange, 
The proof in-  
i . e o ,  t h e  wave func t ion  i s  antisymmetric under exchange of e l ec t ron  space 
and sp in  coordinates .  However, t h e  spin-dependent p a r t  o f  t h e  wave funct ion 
i s  f ac to red  ou t ,  i .e. ,  it i s  assumed t h a t  a l l  components of t h e  t o t a l  sp in  
are sepa ra t e ly  conserved, which i n  t u r n  implies  t h a t  t h e  Hamiltonian i s  
4 
spin-independent, There i s  l i t t l e  doubt t h a t  a momentum t r a n s f e r  theorem 
remains v a l i d  f o r  sp in-de  p e n d e  n t  t n t e rac t ions ,  but  car ry ing  through t h e  
proof would r equ i r e  t ak ing  i n t o  account t h e  p rope r t i e s  of t h e  eigenfunctions 
under t ime-reversal ;  consider ing only t h e  s p a t i a l l y  dependent p a r t  of t he  wave 
func t ion ,  as i s  done here, avoids t h i s  complication, 
which i s  ignored i n  t he  following proof of (8)  is t h e  effects of Coulomb fo rces  
on t h e  asymptotic behavior of t h e  continuum wave func t ion  so lv ing  t h e  many- 
p a r t i c l e  Schrodinger equation, More p rec i se ly ,  although ion iza t ion  i s  included 
in t h e  poss ib le  i n e l a s t i c  processes  con t r ibu t ing  t o  momentum t r a n s f e r ,  it i s  
assumed t h a t  t h e  Hamiltonian i s  e f f e c t i v e l y  a f r ee -pa r t i c l e  Hamiltonian when 
t h e  p a r t i c l e s  are i n f i n i t e l y  separated,  It i s  e a s i l y  seen t h a t  t h i s  assumption 
Another complication 
i s  inconsequent ia l  f o r  (8)  when t h e  f r ee -pa r t i c l e  plane waves can be replaced 
by Coulomb funct ions  as, e o & ,  i n  exc i t a t ion  of H I  by e l e c t r o n s ,  o r  i on iza t ion  
of H- by a n e u t r a l  p a r t i c l e ,  In more complex s i t u a t i o n s ,  e o g a ,  i on iza t ion  of 
HI o r  H by e l ec t rons ,  there i s  no reason t o  th ink  t h e  momentum t r a n s f e r  theorem 
fa i l s ,  but it must be admitted t h a t  t h e  d e t a i l e d  asymptotic behavior of t h e  
wave funct ion has not been examined i n  circumstances such as these, where t w o  
o r  more charged p a r t i c l e s  go out  t o  i n f i n i t y  i n  t h e  cen te r  of mass system, Fin- 
a l l y ,  t h e  proof wholly ignores  r ad ia t ive  processes,  
I The poss ib l e  u t i l i t y  of (8)  has been discussed previously,  Bearing 
on i t s  u t i l i t y ,  and re levant  a l s o  t o  the  discussion of t h e  preceding paragraph, 
i s  the f a c t  t h a t  t h e  r i g h t  s i d e  of (8 )  apparent ly  diverges  whenever e l ec t rons  
a r e  inc iden t  on ions ,  e , g o ,  HI, The source of t h e  divergence can be understood 
by examining e l a s t i c  sce+, ter ing i n  a f ixed  Coulomb D o t e n t i d  V = C / r ,  Substi-  
t u t i n g  ( 5 )  i n  (2 ) ,  which now i s  appl icable ,  one sees  t h a t  i n t e g r a t i o n  over angles  
a n n i h i l a t e s  the  matr ix  element of aV/az = -C cos6/ r2  between e The 
matrix element of aV/az between e and 0 need not vanish,  howevei , and i n  t h i s  
i k z  snd e-ikzo 
-ikz 
5 
matrix element t h e  i n t e g r a l  over r is  divergent  a t  r = 
divergence is t o  be expected, because f o r  Coulomb s c a t t e r i n g ,  d i r e c t l y  from 
t h e  fundamental d e f i n i t i o n  (1) 
< 
Moreover, t h i s  
'd Id8 e s i n e ( 1  - cos81 e s c 4 ( ~ / 2 )  ( 9 )  
diverges  logar i thmica l ly  at 8 = 0, 
The following remarks are a l so  worth not ing,  The proof of (8)  given 
here  ind ica t e s  t h a t  i n  a sense the momentum transfer CFOSS s ec t ion  theorem is  
a generalization-to continuum eigenfunctions-of t h e  so-called hype rv i r i a l  
theorems, 
(wherein t r a n s i t i o n  p r o b a b i l i t i e s  are never e x p l i c i t l y  introduced)  t reatment3 
of many p a r t i c l e  c o l l i s i o n s  involving rearrangement, I n  t h i s  t reatment  the  
cross  sec t ion  i s  computed, using Green's theorem, from t h e  flow of p robab i l i t y  
cur ren t  across  t h e  sur face  a t  i n f i n i t y  i n  t h e  3n-dimenSiona1 space spanned by 
r 
t i o n  vec tor  of t h e  Lth p a r t i c l e ,  
t h e  more conventional operator  techniques-which are based on a time-dependent 
t r a n s i t i o n  p robab i l i t y  formalism wherein cont r ibu t ions  from t h e  wave funct ion 
at i n f i n i t e  d i s tances  are taken in to  account i m p l i c i t l y  rather than exp l i c i t l y -=  
would requi re  a very d i f f e r e n t  approach; i n  f a c t ,  it probably w i l l  be necessary 
t o  e s s e n t i a l l y  redo t h e  Lippmann-Schwinger 
t e r i n g  amplitude, s t a r t i n g  as those der iva t ions  start ,  but examining t h e  t i m e -  
evolut ion of t h e  momentum t r anspor t  as w e l l  as of t h e  t o t a l  wave amplitude. 
2 
In  f a c t  t h e  proof of (8)  i s  based on a wholly time-independent 
f n ,  where the  c o l l i s i o n  involves n p a r t i c l e s  i n  a l l ,  and f i  i s  t h e  posi- 
,clS 
Consequently, t o  der ive  t h e  theorem (8)  v i a  
4 o r  r e l a t e d  der iva t ions5  of t h e  sca t -  
6 
11. Review of  Time-Independent Formalism 
I 
I 
Especia l ly  when ion iza t ion  can occur,  t o  make t h e  proof of 
t h e  momentum transfer theorem understandable it is des i r ab le  
t o  review some results of t h e  time-independent t rea tment .  As explained 
above, I confine my a t t e n t i o n  t o  the  s c a t t e r i n g  of e l ec t rons  by atomic 
hydrogen i n  t h e  ground Is s t a t e  
of  energy E obeys 
The atomic hydrogen eigenfunct ion 4 ( r ) ,  
J ,  
J ’  
The s p a t i a l l y  dependent p a r t  of the  t o t a l  wave func t ion  descr ib ing  t h e  
c o l l i s i o n  is Y(51,1-2), which s a t i s f i e s  Eq. ( 4 )  with 
and obeys 
The upper s ign  i n  Eq. (13) appl ies  t o  singlet s c a t t e r i n g ;  t h e  lower s ign  t o  
t r i p l e t  s c a t t e r i n g ,  I n  what follows I s h a l l  use  t h e  p lus  s ign  only ,  but  
it i s  e a s i l y  verified t h a t  t h e  proof can be j u s t  as r e a d i l y  c a r r i e d  through 
f o r  t r i p l e t  s c a t t e r i n g .  
Outgoing Current and t h e  Tota l  Cross  Sec t ion  
Ignoring t h e  long-range charac te r  of t h e  p o t e n t i a l ,  t h e  s i n g l e t  Y 
can be w r i t t e n  i n  t h e  form 
7 
where Q(sl,s2) i s  everywhere outgoing and obeys 
The everywhere outgoing property implies 
where h2kj 
2m 
+ €3 +to =- 
k2k02 E =  
It i s  e a s i l y  seen t h a t ,  as one expects for s i n g l e t  s c a t t e r i n g ,  
where f and g 
c o l l i s i o n s  leav ing  t h e  atom i n  the  state I$ 
are r e s p e c t i v e l y t h e  ord inary  and exchange amplitudes f o r  
j 3 
J 0  
Eq. (16) y i e l d s  no information about t h e  behavior of Q when rl,r2 
each become i n f i n i t e .  However, the  everywhere outgoing property also implies  3 
where 
L -  
rl  + oo n' I!J 
r 2 -+ 4 I:; 
rl/r2 = q = constant  
a 
The t o t a l  c ross  sec t ion ,  including ion iza t ion  as w e l l  as e x c i t a t i o n ,  
3 is 
i n t eg ra t ed  over t h e  sur face  of t h e  s i x  dimensional sphere a t  i n f i n i t y  i n , r l , r p  
space,  where t h e  six-dimensional cur ren t  vec tor  J has components 
L. 
!i J 
w 2  2 m l  2 = -(O*V Q - Q V 2 Q * )  
I n  (24)  z1 represents  t h e  t h r e e  components of 2 along i1 ,Jl, SI ,  i.e. , along 
t h e  usual  right-handed basis defining t h e  xl subspace of .rl ,s2 space. 
Simarly ,J2 represents  t h e  t h r e e  components of ,J along i2,i2, lc2. 
pondingly, i n  (23)  t h e  outward drawn six-dimensional normal 
at i n f i n i t y  has components 
Corres- 
t o  t h e  sphere 
Exci ta t ion  and Ioniza t ion  Cross Sections 
The result (23)  i s  bas ic  t o  t h e  time-independent treatment of many- 
p a r t i c l e  c o l l i s i o n s ,  and i s  not evident. I n  f a c t ,  Eq. (23)  amounts t o  
accept ing t h e  pos tu l a t e  t h a t  (24)  represents  t h e  cur ren t  operator  conserving 
p robab i l i t y  f lux  i n  many-particle c o l l i s i o n s ,  j u s t  as t h e  usual formula ( 7 )  
f o r  t h e  t o t a l  c ros s  sec t ion  i n  po ten t i a l  s c a t t e r i n g  implies acceptance of 
t h e  usual  one-part ic le  cur ren t  operator [of which Eq. (24)  i s  t h e  obvious 
gene ra l i za t ion ] .  Nevertheless t h e  cor rec tness  of (23)  i s  not i n  quest ion,  
s i n c e  it can be shown t h a t  t h e  accepted expressions f o r  t h e  rates of 
e x c i t a t i o n  and ion iza t ion  follow from (23) .  
9 
To amplify t h i s  last a s se r t ion ,  note  t h a t  on t h e  sphere a t  i n f i n i t y  
t h e  sur face  elements dS (and corresponding 3 )  a r e  of two e s s e n t i a l l y  d i f f e r -  
e n t  types ,  namely: sur face  elements dS where one of r l , r2 is  i n f i n i t e ,  but  
not t h e  o the r ;  and those dS forming a manifold of higher dimensional i ty  than 
t h e  first type ,  where r and r a re  each i n f i n i t e ,  It has been proved3 
t h a t  t h e  cont r ibu t ion  t o  (23)  from sur face  elements of t h e  f i rs t  type ,  with 
rl + 
1 2 
and r2 f i n i t e ,  reduces t o  
in t eg ra t ed  over t h e  sur face  S, of t h e  three-dimensional sphere a t  i n f i n i t y  
i n  r -space, where 1 
and 
in t eg ra t ed  over a l l  ;20 
i s  evaluated a t  i n f i n i t e  z1 = r l g ' .  
O f  course i n  (26)  $ i s  t h e  normal t o  dSl , and J' 
Using (161, t h e r e f o r e ,  (26) y i e l d s  
) 
where ueX obviously i s  t h e  t o t a l  cross  sec t ion  f o r  e x c i t a t i o n ,  including 
e l a s t i c  s c a t t e r i n g  (3 = 0 ) .  
cause (26)  has not included t h e  contr ibut ion t o  (23)  from sur face  elements 
wi th  r2 -f m and rl f i n i t e ;  by v i r t u e  of (15) t h e  cont r ibu t ions  from 
rl + OD , r2 f i n i t e  and r2 + , rl f i n i t e  must be equal.  Correspondingly, 
one sees t h a t  t h e  r i g h t  side of (231, which must represent  t h e  t o t a l  out-  
going cur ren t  divided by t h e  incident  cur ren t  per  u n i t  a r e a  i s  c o r r e c t l y  
mul t ip l i ed  by (&%/m)-l,because each of t h e  f irst  two terms on t h e  r i g h t  
side of ( 1 4 )  corresponds t o  an incident  cur ren t  dens i ty  % h / m .  
The l e f t  s ide of (29)  i s  only ha l f  aex be- 
10 
t 
I 
The cont r ibu t ion  t o  (23)  from sur face  elements dS where rl  and r2 
are each i n f i n i t e  must be t h e  ion iza t ion  c ross  sec t ion  aione 
K real [E > 0 i n  (17) and therefore  capable of ion iz ing  t h e  atom], t h i s  
cont r ibu t ion  is, using Eqs. (19) and (21) - (25)  
I n  f a c t ,  f o r  
- - 1 I- dS K I A ( n  + & I 1  'Lf2) l 2  
e 
" ion  2% .5 
3 where I have used 
dS = r5q2 dqdEl'dg2' 
( l + q 2 ) 3  
The r i g h t  s i d e  of Eq. (30b) ,  which s t i l l  i s  subgect t o  Eq. (201, i s  not 
altered i n  value i f  one mul t ip l i e s  by 6 ( E ' - E ) ,  and then  i n t e g r a t e s  over a n  
i n f i n i t e s i m a l  range dE' about E' = E. Thus, using Eq. (20)  t o  f i n d  dE' i n  
terms of dk,' , Eq. (3Ob) becomes 
2 
dlcl'd$2'6(E'-E) IA(n + ,kl'Z2' ) I "ion 2% mK3 - .  (32)  
where now l&'' k2' range over a l l  real va lues ,  with E '  def ined by t h e  r i g h t  
s i d e  of Eq. (20 ) .  
Eq. (32)  is  t h e  desired expression f o r  aion. When t h e  symmetry 
requirements of p a r t i c l e  i nd i s t ingu i shab i l i t y  are ignored, e.g., when t h e  
second term on t h e  r i g h t  s i d e  of ( 1 4 )  i s  dropped i n  t h e  d e f i n i t i o n  of Y ,  
it can be seen ths t '  
where T i s  t h e  usua l  t r a n s i t i o n  amplitude 
T ( i  + f )  = , fy f ( - )xVi+i  (34)  
11 
from i n i t i a l  t o  f i n a l  states. I n  t h i s  unsymmetrized case ,  t h e r e f o r e ,  
r e a l i z i n g  t h a t  t h e  f a c t o r  1 / 2  must be dropped because now t h e  inc ident  
cur ren t  dens i ty  i s  only hk/m,  Eq. (32)  t a k e s  t h e  familiar form 
r 
In  t h e  symmetrized case ,  where a l l  terms i n  Eq. ( 1 4 )  are r e t a ined ,  one a l s o  
can r e t a i n  Eq. (33), i n  which event Eq. (35) again holds provided 1 / 2  i s  
res tored .  The expression ( 3 4 )  f o r  T(i -+ f) i s  not v a l i d  i n  t h e  symmetrized 
case  however. 
1 2  
111. Proof of  Momentum Transfer Theorem 
With t h e  foregoing results i n  hand, t h e  des i r ed  momentum t r a n s f e r  
c ros s  s e c t i o n  theorem can be derived, A s  i n  t h e  simpler case  o f  p o t e n t i a l  
s c a t t e r i n g  1 
- j!dz(HY)* plzY + /dzY* plzHY = 0 ( 3 6 )  
where: Y(zl ,g2)  is  t h e  funct ion def ined by Eqs. ( 1 4 )  and ( 1 5 ) ;  Eq. (11) 
def ines  H; plz = ( h / i ) a / a z ,  is t h e  z-component of t.he nl?mentum of ? a r t i c l e  
1; t h e  z-direcr ion now i s  supposed t o  cojnci.de with t h e  inc ident  d i r e c t i o n  
A' n. and d s  E ds1d_r2 s i g n i f i e s  i n t eg ra t ion  over a l l  , r l ,  z2. 
previously,' t o  keep t h e  i n t e g r a l s  i n  ( 3 6 )  convergent, t h e  i n t e g r a t i o n  
Again as 
volume may at first be supposed t o  equal t h e  i n t e r i o r  of a six-dimensional 
sphere ( i n  I-,, ur2 space) of f i n i t e  though very l a r g e  rad ius .  
i n t e g r a t i o n  volume, Eq. ( 3 6 )  i s  t r u e  because Y s a t i s f i e s  Eq. ( 4 ) .  
Whatever t h e  
Using (ll), Eq. ( 3 6 )  becomes 
with V given by ( 1 2 ) ,  The next s t e p  i s  t o  s u b s t i t u t e  ( 1 4 )  i n t o  t h e  f irst  
i n t e g r a l  of  Eq. ( 3 7 ) ,  thereby obtaining eighteen independent pairs of 
terms under t h e  i n t e g r a l  s ign.  Most of t h e s e  p a i r s  vanish,  however. 
For example, 
f 
2 
because 
*ik n - q  (V: + k2)e 0- = 0 ,  
13 
Also, holding s2 f ixed  and employing Green's Theorem i n  t h e  three-  
dimensional Bp-space, one sees  t h a t  
f 
because 4 , ( r I )  i s  exponent ia l ly  decreasing as rl + 0 0 ;  s i m i l a r l y ,  p a i r s  
of terns involving V 2  and 4 ( r  ) are seen t o  vanish a f t e r  employing Green's 
Theorem i n  Z2-space. 
2 0 2  
I n  t h i s  fash ion ,  Eq. ( 3 7 )  y i e l d s  
f I 
r 7 
Reduction t o  Surface I n t e g r a l s  
Green's theorem i n  .rurp-space can be employed i n  t h e  f irst  i n t e g r a l  
of Eq. (39).  Thus, using (161, t h i s  first term reduces t o  
where dg1 = r: d ~ ! "  IS t h e  surface element on t h e  sphere a t  i n f i n i t y  i n  
+dimensional E - space, S imi la r ly ,  t h e  second term i n  (39)  reduces t o  
14 
Using Green's Theorem i n  z2-space,  t h e  t h i r d  i n t e g r a l  i n  (39) 
becomes 
L 
7 
where d$2 = r; d3'. 
def ined i n  (16) because 
The quant i ty  A ( n ' )  i n  (42)  is  i d e n t i c a l  with A ~ ( n + c ' )  j ,  N 
rl = P 
The f i r s t  equa l i ty  i n  (43)  simply interchanges t h e  l a b e l i n g  on 5p2; t h e  
second equa l i ty  makes use of (15) .  
t h e  i n t e g r a l  i n  (42 )  o s c i l l a t e s  i n f i n i t e l y  rapidly at  i n f i n i t e  r2 
I now observe t h a t  when kj # % 
and g ives  
no ne t  cont r ibu t ion  when averaged over any small range of  inc ident  energ ies .  
Hence t h e  terms k 
But t h e  remaining term k 
3/32, has odd p a r i t y .  
i n  (39) , vanishes.  
# ko are inconsequent ia l ,  and can be dropped from (42) .  
= ko vanishes after i n t e g r a t i o n  over  gl, because 
j 
J 
Thus t h e  expression (42 ) ,  which equals t h e  t h i r d  i n t e g r a l  
S imi la r ly ,  t h e  f o u r t h  i n t e g r a l  i n  (39) vanishes.  
The f i f t h  i n t e g r a l  i n  (39)  i s  evaluated using Green's Theorem i n  
zl ,x2 space. 
elements a t  i n f i n i t y  i n  z l ,  ;*-space are of t h e  following d i f f e r e n t  types :  
( a )  r l  + 0 0 ,  r 
A s  explained i n  connection with Eq. (23)  , t h e  sur face  
remains f i n i t e ;  ( b )  r2 + m y  r 2 1 
remains f i n i t e ;  ( c )  both 
I 
15 
r l r  r2 -f a ~ ,  Then, as i n  Eqs. (26)-(29) ,  t h e  con t r ibu t ion  from su r face  
elements of" type ( a )  t o  t h e  f i f t h  i n t e g r a l  i n  (39)  i s  
f 
The expression ( 4 4 a )  i s  simply the  con t r ibu t ion  t o  t h e  f i f t h  i n t e g r a l  of 
(39) made by t h e  terms involving V:. The expression (44b) equals  (4ba )  by 
v i r t u e  of t he  orthonomalxty of t he  O g ( , " 2 ) Q  
orthogonal s e t ,  however, t h e  terms k ,  p kR i n  (be(]  would be  inconsequent ia l ,  
J u s t  as i n  Eq, (42) .  
Even i f  $-(z2) were not an 
J 
J 
The con t r ibu t ion  t o  t h e  f i f t h  i n t e g r a l  of  (39) from sur face  elements 
of type  ( b )  (descr ibed i n  t h e  preceding paragraph) i s  simply t h e  contribu- 
t i o n  t o  t h a t  i n t e g r a l  made by the  terms involving V;. 
which a l s o  invol.wes a double sum over j , R as i n  ( 4 4 a )  vanishes because: 
This cont r ibu t ion ,  
(i> t e r n s  kg # kQ a r e  inconsequent ia l ;  ( i f )  t h e  f a c t  t h a t  a/azl  has odd 
p a r i t y  elimizlates t e r n s  kj = ky,. There remains t h e  con t r ibu t ion  t o  t h e  
f i f t h  i n t e g r a l  of (39 )  from sur face  elements of t ype  ( c ) ~  A s  
where P is def ined by Eq. ( 2 1 )  ; A 5 A(E+$~ , 5 ; )  defined by Eqs. (19) - (22) ;  
dS is given by Eq . (3 l j ;  and I have recognfzed t h a t  2-1 = y1*Jl+y2*I72 = a / a r  
( v  as i n  Eqs. (23) and ( 2 5 ) , v t h e  six-dimensional g rad ien t  opera tor  i n  
u W 
, S2-space) 
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Surface I n t e g r a l s  Evaluated 
The f irst  f i v e  i n t e g r a l s  i n  (39) have been reduced t o  ( 4 0 ) ,  ( 4 1 ) ,  
I now s h a l l  evaluate  t h e s e  surface i n t e g r a l s .  Using Eq. (44b)  and ( 4 5 ) .  
(12) of Reference 1, one sees ( j u s t  as i n  t h e  case of p o t e n t i a l  s c a t t e r i n g )  
t h a t  (40)  and ( 4 1 )  t oge the r  y i e l d  
The expression (44b) obviously reduces t o  
Using ( 2 1 ) ,  (22)  and ( 3 1 ) ,  t h e  expression ( 4 5 )  i s  seen t o  equal 
Thus, s ince  (30a) can be pu t  in t h e  form (321, t h e  r i g h t  s i d e  of (48) 
--which equals (45)--can be expressed as 
I next note  t h a t  t h e  d e f i n i t i o n s  (22)  imply t h e  magnitudes k ' , k '  o f  
1 2  
k ' , k '  obey t h e  r e l a t i o n s  
-1 e 2  
where ki,kh a r e  k i ( q ) , k h ( q )  of Eq. (22 ) .  
r ewr i t t en  as 
Using (151, Eq. ( 5 1 )  can be 
Hence, because z l ,  z2 are j u s t  dummy va r i ab le s  i n  Eqs. (19) and ( 5 2 ) ,  
those  equations imply 
Obviously, with ind is t inguishable  e l e c t r o n s ,  t h e  a c t u a l  amplitude f o r  
i on iza t ion  must obey a r e l a t i o n  l i k e  (53 ) .  It seemed des i r ab le  t o  show 
t h a t  (53)  indeed does follow f r o m t h e  d e f i n i t i o n  of A ,  however; moreover, 
t h e  f a c t  t h a t  ( 5 3 )  can be proved supports t h e  i n t e r p r e t a t i o n  of t h e  many- 
p a r t i c l e  cu r ren t  opera tor  (discussed i n  sec t ion  11), which i n t e r p r e t a t i o n  
l e d  t o  t h e  r e l a t i o n s  (30)- /32)  between aion and A .  
va r i ab le s  lc; and kl i n  (491, and using ( 5 3 ) ,  one sees  t h a t  ( 4 5 )  equals  
Relabeling t h e  dummy 
- L  
Expressions f o r  ad and a -  
I n  t h e  present  e-fi s ca t t e r ing  problem, using ( 2 9 )  and ( 3 2 ) ,  t h e  
t o t a l  c ros s  sec t ion  is 
18 
Correspondingly, t h e  d e f i n i t i o n  (1) of t h e  momentum t r a n s f e r  c ros s  sec t ion  
gene ra l i zes  t o  
When mul t ip l i ed  by t h e  inc ident  ve loc i ty  trko/m,  t h e  first term on t h e  r i g h t  
side of (56)  obviously represents  t h e  rate ( i n  u n i t s  of t h e  i n i t i a l  
momentum hko, t o  keep t h e  dimensions of ud equal t o  l eng th  squared) with 
which momentum along t h e  inc ident  d i r e c t i o n  IJ i s  being t r a n s f e r r e d  i n  ex- 
c i t a t i o n  processes ,  including e l a s t i c  s c a t t e r i n g .  S imi l a r ly ,  t h e  last  
term i n  (56)  obviously represents  t h e  momentum t r a n s f e r  by i o n i z a t i o n ,  
recognizing t h a t  when ion iza t ion  occurs 30th e l ec t rons  simultaneously c a r r y  
away momentum, 
The gene ra l i za t ion  of  ( 7 )  t o  t h e  present  problem is  
where u i s  given by (551, and A, as always i s  t h e  e l a s t i c  forward s c a t t e r -  
ing amplitude,  I n  o the r  words, although t h e  p a r t i c l e s  are ind i s t ingu i shab le  
and A involves both ordinary and exchange amplitudes v i a  (18) ,  t h e  o p t i c a l  
theorem has exac t ly  t h e  same form as i f  t h e  p a r t i c l e s  were d i s t ingu i shab le .  
If a proof of (57)  i s  desired, it can be obtained by s t a s t i n g  from 
i n s t e a d  of (361, and then  reducing (58) t o  su r face  i n t e g r a l s  along t h e  l i n e s  
employed e a r l i e r  i n  t h i s  s ec t ion .  
Returning now t o  Eq. (391, t h e  f i rs t  f i v e  i n t e g r a l s  i n  (39) have 
been reduced t o  t h e  sum of (469, (47)  and ( 5 4 ) .  Therefore,  using (571, 
Eqo (39)  y i e l d s  
Using ( 5 5 )  t o  e l imina te  u ,  and dividing by 2kz, one sees t h a t  Eq. (59) 
implies Eq. (8 ) ,  
There remains one poin t  t o  be discussed before  concluding t h i s  
paper ,  namely t h e  2ffect  of including Coulomb funct ions  r a t h e r  than  plane 
waves i n  ( 1 4 ) .  
of (16) must be modified by inclusion of a n  e x t r a  f ac to r7 ,  p ropor t iona l  
t o  exp(-irl l n k j r l ) ,  where rl i s  propor t iona l  t o  k- l0  Once t h i s  f a c t o r  i s  
included,  t h e  proof which has been given goes through e s s e n t i a l l y  as i n  
t h e  plane wave case ,  except t h a t  one must include d e r i v a t i v e s  of  
Using Coulomb funct ions i n  ( 1 4 )  means t h e  asymptotic form 
j J s 
exP(- in j lnk . r  a t  i n f i n i t y .  But t h e s e  d e r i v a t i v e s ,  l i k e  
of rl-l i t se l f ,  are of higher  order i n  rl-' and so can be 
i n f i n i t e  r l ,  This  J u s t i f i e s  t h e  a s s e r t i o n ,  i n  sec t ion  I ,  
J I  
t h e  de r iva t ives  
neglected at 
t h a t  t h e  momentum 
t r a n s f e r  theorem should apply,  e ,g . ,  t o  e x c i t a t i o n  of H- by e l ec t rons .  
The argument i n  t h i s  paragraph also suggests  t h e  momentum t r a n s f e r  
theorem w i l l  remain v a l i d  i n ,  e ,g . ,  i on iza t ion  of ff by e l e c t r o n s ;  for  a 
more d e f i n i t i v e  s ta tement ,  however, it i s  necessary t o  know how Eq. (19) 
must be modified when two e lec t rons  go out  t o  i n f i n i t y  i n  t h e  f i e l d  of t h e  
proton ( f ixed  a t  t h e  o r i g i n ) ,  
mark i n  s ec t ion  I t h a t  t h e  r i g h t  side of (83 apparent ly  d iverges  f o r  e-H- 
c o l l i s i o n s  i n  e l e c t r t i ~ - i ~ ~  c o l l i s i o n s  the re fo re  (Eq, ( 8 )  (whether o r  not 
it i s  e s s e n t i a l l y  v a l i d )  is not  l i k e l y  t o  be very use fu l  without imposit ion 
of s u i t a b l e  c-Jtcffs, 
The r eade r  is  reminded, moreover, of  t h e  re- 
' ,  
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